Previously we have formulated transmission models of untreated tuberculosis epidemics (Blower et al., Nature, Medicine 1 (1995), 815 821); in this paper, we present time-dependent uncertainty and sensitivity analyses in order to quantitatively understand the transmission dynamics of tuberculosis epidemics in the absence of treatment. The time-dependent uncertainty analysis enabled us to evaluate the variability in the epidemiological outcome variables of the model during the progression of a tuberculosis epidemic. Calculated values (from the uncertainty analysis) for the disease incidence, disease prevalence, and mortality rates were approximately consistent with historical data. The time-dependent sensitivity analysis revealed that only a few of the model's input parameters significantly affected the severity of a tuberculosis epidemic; these parameters were the disease reactivation rate, the fraction of infected individuals who develop tuberculosis soon after infection, the number of individuals that an infectious individual infects per year, the disease death rate, and the population recruitment rate. Our analysis demonstrates that it is possible to improve our understanding of the behavior of tuberculosis epidemics by applying time-dependent uncertainty and sensitivity analysis to a transmission model. ]
INTRODUCTION
Tuberculosis, caused by Mycobacterium tuberculosis, was a major cause of death in Europe in past centuries, causing perhaps one death in five in England in the seventeenth century (Daniel et al., 1994; Bates and Stead, 1993; Bloom and Murray, 1992) ; currently, tuberculosis causes more deaths worldwide than any other single infectious disease (Kochi, 1991; Bloom and Murray, 1992; Snider et al., 1994) . Previously we have formulated mathematical models of the intrinsic transmission dynamics of tuberculosis (Blower et al., 1995a) (that is, of the transmission dynamics of tuberculosis in the absence of effective treatment). In this paper, we have applied time-dependent sensitivity and uncertainty analyses to our detailed tuberculosis model in order to quantitatively understand the transmission dynamics of untreated tuberculosis epidemics. First, we performed an uncertainty analysis to evaluate how the variability in the epidemiological outcome variables (i.e., the incidence of infection, the incidence of disease, the prevalence of infection, the prevalence of disease, and the hazard rate for infection) changes during the progression of a tuberculosis epidemic (as a result of the uncertainty in estimating the parameters). Second, we performed timedependent sensitivity analyses in order to evaluate which parameters (due to their estimation uncertainty) were the most important in producing the variability in the values of epidemiological outcome variables. These analyses enabled us to address the following questions regarding untreated tuberculosis epidemics: (1) what are the initial doubling and equilibration times? (that is, how fast is a tuberculosis epidemic?) (2) what incidence rates are to be expected (for infection and disease)? (3) what prevalence rates are to be expected (for infection and disease) (4) what fraction of deaths is tuberculosis expected to cause? and (5) what are the most important parameters in determining the severity of a tuberculosis epidemic?
METHODS

The Transmission Model
The model of the intrinsic transmission dynamics of tuberculosis that we analyzed consists of five ordinary differential equations, given in Appendix 1. This mathematical model, which incorporates the biology of tuberculosis transmission, was used to calculate the number of individuals in each of five states over time: susceptible (X ), latently infected (L), diseased and infectious (T i ), diseased and noninfectious (T n ), and recovered (R). A flow diagram representing these equations is shown in Fig. 1 , and the structure of this model has been discussed elsewhere (Blower et al., 1995a) .
Transmission of tuberculosis occurs because individuals with infectious tuberculosis disease (T i ) release aerosolized particles containing live tubercle bacilli. These infectious particles may then be inhaled by one of the X susceptible individuals in the population, and be deposited in the lungs of these susceptible individuals (Hopewell and Bloom, 1994; Riley et al., 1962) . Each of the X susceptibles thus experiences an instantaneous risk * of infection (that is, a hazard rate * for infection) which is greater when there are more infectives; we assumed that *=;T i , where ; is the transmission coefficient (hazard rate per infective). The incidence of infection is then *X=;XT i (Kermack and McKendrick, 1927) . (Alternative formulations of the incidence of infection, such as ;$XT i ÂN Castillo Chavez and Feng, to appear) , would give similar numerical values as our model, since the population size N does (Blower et al., 1995a) . Persons are classified as susceptible (X ), latently infected (L), diseased and infectious (T i ), diseased but not infectious (T n ), and recovered (R). The model is discussed in Section 2.1 and the equations are given in Appendix 1. not vary greatly, and thus ;$ÂN does not greatly differ from ;.)
FIG. 1. Flow diagram of tuberculosis model
The natural history of tuberculosis infection was treated in our model as follows. After infection, a small fraction p of individuals progresses to disease relatively soon (i.e. within the first two years) after infection; the remaining fraction 1& p of infected individuals become latently infected. Of newly-infected individuals who thus progress quickly to disease, f represents the fraction which develop infectious disease, and 1& f represents the fraction which develops noninfectious disease. The L latently infected individuals do not shed bacilli and are not infective to others. In some latently infected individuals, the infection remains latent and the infection may persist for life (Myers, 1965; Hopewell and Bloom, 1994; Hopewell, 1994; Rook and Bloom, 1994) , but in a small minority of latently infected individuals, reactivation of the latent infection leads to disease (Comstock, 1982; Rossman and Mayock, 1994; Smith and Moss, 1994) ; the probability per unit time that a latently infected individual will undergo reactivation is denoted by v.
The fraction of individuals who develop infectious disease after the reactivation of latent infection is represented by q, where q> f (Blower et al., 1995a) .
The consequences of disease were included in our model as follows. Individuals with tuberculosis experience a death rate + T due to tuberculosis, in addition to the background mortality rate + from other causes. Natural cure of tuberculosis disease (Smith and Moss, 1994) may also occur, with rate c per person per year; R represents the number of naturally recovered cases, who are no longer infectious, though they may maintain infection. Such individuals may relapse to disease (Comstock and Cauthen, 1993) , where the net relapse rate per person per year is given by 2w.
The epidemiological significance of exogenous reinfection (the reinfection of a latently infected individual from an external source) has been controversial (Stead, 1967; Romeyn, 1970; Canetti, 1972; Nardell et al., 1986; Small et al., 1993) , and in our model formulation, we have first assumed that reinfection does not occur (Blower et al., 1995a) . We then analyze models which include exogenous reinfection elsewhere (Blower, Porco, and Lietman, 1998) . The model given in Appendix 1 can also be expanded to account for age-structure .
Uncertainty Analysis
When exact values for each of the parameters and initial conditions of the model (Fig. 1) are specified, then the values of the state variables can be computed for various subsequent times using standard fourth-order Runge-Kutta methods (see, for example, Stoer and Bulirsch, 1993) . From these values of the state variables over time, together with the parameter values, we may then calculate the values of following epidemiological outcome variables over time: the incidence of infection, the incidence of disease, the prevalence of infection, the prevalence of disease, and the hazard for infection. However, since the exact values of each of the model's input parameters are uncertain, an uncertainty analysis is needed to evaluate the effects of the parameter estimation uncertainty on the values of the model's epidemiological outcome variables over time (Bailey and Duppenthaler, 1980) . We used probability distribution functions (PDFs) to represent the uncertainty in estimating the value of each input parameter (e.g., Swartzman and Kaluzny, 1987) , and we then used these PDFs in a time-dependent uncertainty analysis to determine a PDF for the following outcome variables: the incidence and prevalence of infection and disease, the hazard for infection, the initial doubling time, and the equilibration time for the epidemic (defined here as the time it takes for the incidence rate to become less than or equal to one case per hundred-thousand per year of the equilibrium value; see Appendix 1). The median of the PDF for each epidemiological outcome variable may be viewed as a plausible central value for each outcome variable over time. Thus, we directly assessed how the uncertainty in estimating the values of the model's input parameters affects the variability in the epidemiological outcome variables of the model throughout the duration of a tuberculosis epidemic.
We determined the PDFs of the epidemiological outcome variables by simulating the model using particular input parameter values that were derived by Latin hypercube sampling of the parameter space (Iman et al., 1981a; Iman et al., 1981b; McKay et al., 1979; Swartzman and Kaluzny, 1987; Blower and Dowlatabadi, 1994) . This method has been used previously to analyze models of disease transmission (Blower et al., 1991; Porco, 1994; Blower et al., 1995a; Sanchez and Blower, 1997) . To generate a Latin Hypercube Sample (LHS) of the parameters of the model, the range of each of the model's parameters (indicated in Table 1 ) was divided into N intervals, where N, the number of simulations, was chosen to be 1000 in all cases. Each of these intervals was chosen so that the probability that the parameter falls within the interval was given by 1ÂN; the collection of intervals is then permuted at random, and from each interval, a value was generated from the conditional density of the parameter given that the value is within the given interval. This procedure resulted in N samples for each parameter, which were then grouped at random to form N different combinations of the model's input parameters. When there were biological constraints on the parameters, we selected randomly from that subset of permutations for which the constraint was satisfied (Sanchez and Blower, 1997) ; in this analysis, we ensured that the biological constraints q> f and c>2w>v (Blower et al., 1995a) were satisfied.
The PDFs of all parameters except for 6 and ; were estimated from the literature (see Table 1 ), as discussed in (Blower et al., 1995a) . The parameter 6 is the number of births or immigrants entering a community per year; this is often referred to as the recruitment rate . We calculated the recruitment rate from the equation 6=N + (see Appendix 1 for details), where N is the total community size. In all of the simulations presented in this paper, N was set at 75 000, which was approximately the population of New York (Dodd, 1993) or Manchester or Glasgow (Mitchell, 1962) in 1800. (Other values for N were explored numerically, but the results of the uncertainty and sensitivity analysis did not change appreciably.) The value of the transmission coefficient ; has never been precisely estimated, so the value of ; was calculated indirectly from the effective contact rate. The effective contact rate (ECR) (Waaler and Piot, 1969 ) (also called the contagiousness parameter (Styblo, 1978) ) is defined as the number of secondary infections per unit time produced by an infective in a susceptible community. Since the literature contains estimates of the ECR based on data (see Table 1 ), we ascertained the value of ; in our model from the equation ECR= ;6Â+=;N (see Appendix 1).
Once the LHS of the parameter values was generated, the values of the epidemiological outcome variables were calculated numerically for each of the 1000 parameter sets in the sample; each simulated epidemic began with the introduction of 1 infective tuberculosis case into a susceptible community. The number of secondary infectious cases of tuberculosis which are directly caused by the index case in a wholly susceptible community is called the basic reproductive rate R 0 MacDonald, 1952) . When the initial case gives rise to less than 1 new case in a wholly susceptible community (and R 0 <1), the disease cannot become established ). An analytical expression for R 0 was derived previously (Blower et al., 1995a ) (see Appendix 1); we used this expression to calculate R 0 for each of the 1000 simulations (Sanchez and Blower, 1997) . In all but 5 of our 1000 simulations, R 0 was greater than 1, and in these simulations a nonzero stable endemic equilibrium level of disease was reached (expressions for these equilibrium levels, and discussion of the stability of the endemic equilibrium, are given in the appendices). The 995 simulations were used to derive frequency distributions for the following epidemiological outcome variables: incidence and prevalence of infection and disease, the fraction of deaths attributable to tuberculosis, and the hazard for infection. We also assessed the effect of parameter estimation uncertainty on two other outcome variables: the initial doubling time of a tuberculosis epidemic (see Appendix 1), and the equilibration time of the epidemic (see Appendix 2). When the disease is able to become established (R 0 >1), the doubling time is positive and reflects the rate of expansion of tuberculosis in the community at the beginning of the epidemic.
Sensitivity Analysis
Sensitivity analysis enables the determination of which parameters of a model are most responsible for generating the variability in the value of the model's outputs over time; sensitivity analysis is often used in combination with uncertainty analysis based on Latin Hypercube Sampling (Iman et al., 1981a; Iman et al., 1981b; McKay et al., 1979; Swartzman and Kaluzny, 1987; Blower and Dowlatabadi, 1994) ; in particular, such methods have been used for models of disease transmission (Blower et al., 1991; Porco, 1994; Blower et al., 1995a; Sanchez and Blower, 1997) . Sensitivity is measured by the partial rank correlation coefficient (PRCC) of each outcome variable with respect to each of the input parameters; it is a measure of how much the model's outcome variables change in value as each input parameter changes, statistically adjusting for the fact that the values of the other parameters of the model also change in value. In the analysis we present here, the PRCC of each of the epidemiological outcome variables was computed with respect to all of the model's input parameters; results for incidence of infection and prevalence of disease each year after the beginning of the epidemic, as well as for the equilibration time, are shown as functions of time.
RESULTS
Uncertainty Analysis
In this section, we present the doubling and equilibration times, the incidence and prevalence of infection and disease, and the fraction of deaths attributable to tuberculosis (thereby addressing the first four questions from the Introduction). In each case, we present a probability distribution for each epidemiological outcome variable.
The results for the initial doubling time of a tuberculosis epidemic (defined in Appendix 2) are shown as a histogram in Fig. 2 . The median doubling time was 2.3 years for the 995 out of 1000 simulations in which R 0 was greater than one, and the interquartile range was 3.8 years. Doubling times observed in this LHS ranged from 0.35 years (R 0 =13.5) to 539 years (R 0 =1.022); in 18.20 of the simulations, the doubling time was less than one year. The median equilibration time was 100.1 years, with a lower quartile of 72.1 years and an upper quartile of 176.8 years. The minimum was 35.9 years, 
FIG. 3.
Time-dependent uncertainty analyses of incidence of infection and disease, and of the hazard for infection. See Section 3.1 for results. A. The incidence of infection I, which equals ;XT i , is defined as the number of new infections per unit time. The model was simulated 1000 times choosing the parameters from a LHS, and the incidence of infection was computed at each year; the median and quartiles were computed from the 1000 incidence rates at each year. B. The incidence of disease (the number of new cases of disease per unit time) was computed from p;XT i +vL+2|R. C. The hazard for infection ;T i stabilizes approximately 50 years after the epidemic has begun. though the equilibration time was less than 50 years in only 2.40 of the simulations. Finally, very long equilibration times occurred when R 0 was slightly greater than one: the maximum equilibration time in the LHS was 7524 years (R 0 =1.022).
The model results for the incidence of infection during a tuberculosis epidemic are shown in Fig. 3A , where at each time, the median, first quartile, and third quartile of the incidence rate have been plotted. The quartiles were farther apart near the beginning of the epidemic, showing that there was more variability in the incidence rates for the early years of an epidemic. The variability in the modeled incidence of disease during a tuberculosis epidemic is shown in Fig. 3B . The median of the incidence of disease approached an equilibrium value of 473 per 100,000, while the quartiles were 356 per 100,000 and 629 per 100,000. The variability in the model results for the hazard for infection exhibited a similar temporal FIG. 4 . Time-dependent uncertainty analyses of the prevalence of infection and disease, See Section 3.1 for results. A. The prevalence of infection, computed by (L+T i +T n +R)ÂN, is the fraction of the population which is infected in some way by M. tuberculosis at a given time. B. The prevalence of disease, computed by (T i +T n )ÂN, is the fraction of the population which is diseased at a given time.
pattern (see Fig. 3C ); the hazard for infection stabilized at a median of 9.00 per person per year, with quartiles of 5.6 0 and 13.3 0.
The model results for the prevalence of infection are shown in Fig. 4A . The median of the prevalence did not reach 200 until approximately 26 years after the introduction of tuberculosis; at this time, the first quartile was 10 and the upper quartile was 830. At equilibrium, the median prevalence of infection was 740, while the quartiles were 640 and 810. The variability in the modeled prevalence of disease, shown in Fig. 4B , exhibited a similar pattern in its rise and equilibration; as before, more variability in modeling the prevalence of disease occured in the first few decades of a tuberculosis epidemic. The frequency distribution for the proportion of deaths due to tuberculosis (at equilibrium) is shown in Fig. 5 . The median of the distribution of the percent of total deaths due to tuberculosis was 13.20, and the distribution had a lower quartile of 9.50 and an upper quartile of 17.90.
The equilibrium prevalence of infection is shown in Fig. 6A ; the median prevalence of infection was 690, FIG. 5 . Uncertainty analysis of the fraction of deaths due to tuberculosis. The histogram shows values of + T (T i +T n )Â(+N++ T (T i +T n )) at equilibrium conditions, using an LHS of the parameters in Table 1. and the interquartile range of the distribution was 13 0. The highest prevalence of infection attained was 86 0. Similarly, the equilibrium prevalence of disease is shown in Fig. 6B ; the median prevalence of disease was 2.0 0, and the interquartile range of the distribution was 1.60. The maximum attained prevalence of disease was 8.80. Finally, the nonlinear relationship between the prevalence of disease and the prevalence of latent infection is shown in Fig. 6C ; if exogenous reinfection of latently-infected individuals were to occur, this would increase the prevalence of disease relative to the prevalence of latent infection relative to the results shown in Fig. 6C. 
Sensitivity Analysis
In this section, we determine which parameter uncertainties contributed the most to the variability in the model-generated values of the epidemiological outcome variables (thereby addressing the fifth question from the Introduction). For each of the epidemiological outcome variables discussed in the previous section, we calculated the partial rank correlation coefficients (PRCCs) with respect to each of the model's input parameters. In this section, we present the results for the incidence of infection, the prevalence of disease, and the equilibration time; the other outcome variables yielded qualitatively similar results. The PRCCs of the incidence of infection with respect to the effective contact rate (ECR), the recruitment rate, the fraction of newly-infected individuals who FIG. 7 . Time-dependent sensitivity analyses for the incidence of new infection and the prevalence of disease. PRCCs near zero indicate that the estimation uncertainty for the parameter in question contributes relatively little to the overall variability in the outcome variable under consideration. See Section 3.2 for results. A. PRCC of incidence of infection with respect to the fast transmission fraction p, the recruitment rate 6, the tuberculosis mortality rate + T , and the effective contact rate (ECR) (see Table 1 ), computed at each year. For the other parameters in Table 1 , the PRCCs were less than 0.5 in magnitude at each year. See Fig. 3A for the median and quartiles of the incidence of infection over time. B. Partial rank correlation of prevalence of disease with respect to the fast transmission fraction p, the tuberculosis mortality rate + T , the ECR, and the reactivation rate v. For the other parameters in Table 1 , the PRCCs were less than 0.5 in magnitude at each year. Also see Fig. 4B for the median and quartiles of the prevalence of disease over time.
develop disease quickly, and the mortality rate due to tuberculosis are shown as functions of time in Fig. 7A . The PRCCs for the relapse rate, the natural cure rate, the reactivation rate, as well as the probabilities and of developing infectious tuberculosis upon slow or fast progression were less than 0.5 at all times; therefore the estimation uncertainty in these parameters played only a small role in contributing to the variability in the model results for the incidence of infection throughout the duration of a tuberculosis epidemic. Fig. 7A shows that at the beginning of an epidemic (when tuberculosis was expanding into a susceptible community), the estimation uncertainty in the value of the recruitment rate did not contribute appreciably to the variability in the modeled incidence of infection, but the importance increased (i.e., the PRCC increased) as the epidemic progressed. In contrast, early in the epidemic, the estimation uncertainty in the value of p (the fraction of infected individuals who develop disease quickly) was very important in producing variability in the values of incidence of infection as computed using the model, but this importance waned as the epidemic progressed.
The PRCCs of the prevalence of disease with respect to the model's parameters are shown in Fig. 7B . The PRCC for the tuberculosis mortality rate with respect to the disease prevalence was larger in magnitude than the PRCC of this parameter with respect to the infection incidence, since the incidence of infection includes latent individuals who are not subject to mortality from tuberculosis. Thus, the ECR, the proportion of fast cases which develop infectious tuberculosis ( p), and the rate v of development of disease among latent individuals had the most effect. The smaller contribution of reactivation tuberculosis to the epidemic curve at the beginning of an epidemic resulted in a smaller partial rank correlation for v at the beginning. The PRCC of the prevalence of disease with respect to the ECR was always greater than 0.5, so that uncertainty in ECR was important at all times (though it was largest at the beginning). The PRCC of the prevalence of disease with respect to the fraction p who develop tuberculosis quickly and the PRCC with respect to the tuberculosis mortality rate + T were large in magnitude at all times and did not change appreciably over time.
The effect of parameter estimation uncertainty on the variability in the equilibration times computed using the model was evaluated by calculating the PRCC for this outcome variable for each of the model's parameters. The parameters with the largest PRCC were the fraction p who develop tuberculosis quickly (PRCC=&0.82), the ECR (PRCC=&0.73), and the tuberculosis mortality rate + T (PRCC=+0.62). Scatterplots to illustrate the relationship between each of these three variables and the equilibration time are shown in Fig. 8 . These plots show that the equilibration time increased when the tuberculosis mortality rate increased, and that the equilibration time decreased when the fraction who develop quickly increased and decreased when the ECR increased.
DISCUSSION
Humans have suffered from tuberculosis for millennia (Bates and Stead, 1993; Haas and Haas, 1996) , but only in the past century have economic improvements, public health measures, and medical treatment dramatically decreased tuberculosis levels in the developed world. A quantitative and qualitative understanding of the intrinsic transmission dynamics of tuberculosis epidemics will facilitate understanding of the role of such factors (Styblo, 1986) ; simple models of disease have often proven useful tools for understanding epidemics Black and Singer, 1987; Bailey, 1986) . In this paper, we have conducted a timedependent uncertainty and sensitivity analysis on a transmission model presented earlier (Blower et al., 1995a) . Our model does not include the effects of treatment, and therefore the model is only useful for understanding the historical epidemiology of tuberculosis, or the epidemiology of tuberculosis in developing countries where treatment is not the norm. The uncertainty analysis allowed us to quantify the variability in the model results for (1) the initial doubling time and equilibration time, (2) the incidence of infection and disease, (3) the prevalence of infection and disease, and (4) the fraction of deaths attributable to tuberculosis (thereby answering the first four questions in the Introduction). The time-dependent sensitivity analysis enabled us to assess which parameters (due to their estimation uncertainty) contributed appreciably to the uncertainty in the model results for these epidemiological outcome variables (answering the fifth question in the Introduction).
Using our model, these population-level epidemiological outcome variables are calculated using the individuallevel biomedical parameters in Table 1 ; it is useful to qualitatively compare the values of these outcome variables with historical data. First, our results revealed that tuberculosis epidemics have both a long initial doubling time and a long equilibration time, so that tuberculosis epidemics are slow, as has been remarked by others (e.g., Bates, 1982) ; we have discussed the epidemiological implications of these slow dynamics in more detail elsewhere (Blower et al., 1995a) . Our results suggested that the doubling time of tuberculosis in a community (at the beginning of an epidemic) is approximately 1 3 years, and also indicate that for tuberculosis, the equilibration time is approximately one century. Calculated doubling times based on the model ranged from less than one year to well in excess of a decade, while the equilibration times resulting from the model ranged from less than half a century to several thousand years. Very long equilibration times occurred in scenarios when the basic reproductive rate R 0 was only slightly above one, so that one infectious case of tuberculosis produced only slightly more than one new case on average (see Frost, 1935) . The sensitivity analysis of the equilibration time revealed that the input parameters whose estimation uncertainty contributed the most to the variability in the model's results for both the initial doubling time and the equilibration time were the fraction which develop tuberculosis quickly, the number of new infections that an infectious case would generate in one year (that is, the effective contact rate), and the mortality rate due to tuberculosis. Equilibration times became longer (i.e., tuberculosis epidemics became slower) when the tuberculosis mortality rate became larger. This effect occurred because R 0 is smaller when tuberculosis mortality is larger, indicating that the spread of disease is slower when the tuberculosis mortality rate is higher; all else being equal, more rapid death due to tuberculosis causes individuals to be infectious for a shorter period, and thus to spread the disease to fewer others. Equilibration times became shorter when the effective contact rate (ECR) increased and when the fraction p who develop tuberculosis quickly after infection increased (since when these two factors increase, R 0 also increases, and thus the spread of disease is faster).
Our uncertainty analysis suggested an equilibrium disease incidence rate (for an untreated tuberculosis epidemic) of approximately 550 per 100,000, which again is in approximate agreement with the sparse available data. For instance, the case rate of tuberculosis reached 700 per 100,000 in London in 1801, while in Boston, the rate was 650 per 100,000 in 1800 and had decreased to 400 per 100,000 by 1860 (Daniel et al., 1994) . The uncertainty analysis revealed a nonlinear relationship between infection and disease, in which while it is possible to have a high prevalence of infection, the prevalence of disease will always be fairly low. However, even with a fairly low prevalence of disease (relative to the population size), tuberculosis can nevertheless account for an appreciable fraction of the total number of deaths. The interquartile range of our equilibrium estimate of the fraction of deaths due to tuberculosis was approximately 9 180, which is approximately consistent with the sparse historical data. For instance, 10.4 0 of deaths in the USA in 1850 were reported to be from tuberculosis (U. S. Census Office, 1855), and it has been estimated that tuberculosis was responsible for 20 0 of deaths in London in 1651 (Dubos and Dubos, 1952; Bloom and Murray, 1992) . Though the historical data are scanty and unstandardized, these data provide our only window into the historical epidemiology of tuberculosis, and the model outcomes are approximately consistent with this information.
Our uncertainty analysis results can also be compared with case rate and mortality data in a developing country where treatment rates have been low. In the Philippines from 1960 to 1984, tuberculosis accounted for approximately 11 0 of registered deaths (National Institute of Tuberculosis (Phillipines), 1984). The prevalence of tuberculosis disease suggested by our model was 1 30, which is slightly higher than the values observed in the Philippines in 1981 1983, where the prevalence of culture-positive tuberculosis was 1.25 0 in individuals aged ten or more years. The prevalence of infection was computed using our model to be 60 800, while the prevalence of infection for unvaccinated individuals of all ages and both sexes was 560 (National Institute of Tuberculosis (Phillipines), 1984).
Our results also revealed that the variability in the model results for the incidence of infection, the prevalence of disease, and the hazard for infection was greatest in the first few decades after the beginning of the tuberculosis epidemic. This variability was largely the result of the uncertainty in estimating the value of the ECR and the proportion of newly-infected persons which develop tuberculosis quickly. Late in the epidemic, estimation uncertainty in the reactivation rate contributed more to the variability in the model results for the prevalence of disease than early in the epidemic. These effects occured because in the early stages of an epidemic, incidence rates are driven mainly by the fast route to disease, while in a mature tuberculosis epidemic, incidence rates are driven mainly by the slow route to disease (as we have shown elsewhere (Blower et al., 1995a) ). Our results showed that the estimation uncertainty in the value of the tuberculosis mortality rate contributed appreciably to the variability in the epidemiological outcome variables of the model at all times in the epidemic. Increased tuberculosis mortality rates always decreased the incidence and prevalence of infection and disease, for the same reason an increased tuberculosis mortality rate resulted in a decreased basic reproductive rate R 0 . Finally, our analysis revealed that the uncertainty in the other parameters, such as the natural cure rate and the relapse rate, played a relatively small part in contributing to the overall variability in the epidemiological outcomes of the model. Thus, the model that we have analyzed in this paper is useful for understanding the transmission dynamics of tuberculosis epidemics in the absence of treatment; elsewhere we have extended the model to include the effects of treatment (Blower et al., 1996) . Specific quantitative predictions for any particular population over a particular time would require a more specific (and limited) model. The purpose of our current analysis was to assess the qualitative features of tuberculosis epidemics and identify the major parameters which contributed to the variability in the epidemiological outcomes (rather than to fit predictions to specific data). To include recent demographic and socioeconomic changes which have contributed to the decline in tuberculosis rates observed in developed countries, we would need to introduce changes in the parameters of the model over time (Blower et al., 1995b) . (For instance, in the southern US in 1950, approximately 11 0 of the community were infected with tubercle bacilli (Comstock and Palmer, 1966) , compared with the 60 0 80 0 equilibrium prevalence of infection which was found in our analysis of an untreated population. Thus, quantitative forecasts for this population would not be possible without inclusion of how the parameters have changed over time.) Some of the ways that a changing transmission coefficient for tuberculosis affects the results of our model have been presented elsewhere (Blower et al., 1995b) .
In this paper, we have used the theoretical framework developed earlier to gain further insight into the intrinsic transmission dynamics of tuberculosis, taking into account the uncertainty in the parameter estimation. Our results suggest that variation in parameters (the infectiousness of an infective, how soon after infection one becomes infectious, the duration of infectivity, and the risk of reactivation) lead to significant differences in the severity of historical tuberculosis epidemics. We found that the model results were in rough agreement with historical mortality and case rate data, as well as with contemporary prevalence data in a developing country. More detailed analyses would include the effects of immigration, HIV disease, demographic changes, interactions with leprosy (Lietman et al., 1997) , and changes in the parameters of the model over time (Blower et al., 1995b) ; an understanding of these effects will be facilitated by the understanding of the intrinsic dynamics of tuberculosis provided by the model presented here. Thus, this model may now be expanded to better understand the role of control strategies and to help develop more cost-effective control strategies (Blower et al., 1996) .
APPENDIX 1. MODEL EQUATIONS
The transmission of tuberculosis in a community is modeled as a mass-action process as first proposed by Hamer (Hamer, 1906) and developed subsequently by others (e.g., Kermack and McKendrick, 1927; Anderson and May, 1991) ; the biomedical rationale for the other aspects of the tuberculosis model is discussed in the text and more fully elsewhere (Blower et al., 1995a) . In these equations, the parameters are assumed to remain constant; some of the effects of a changing transmission coefficient ; are explored elsewhere (Blower et al., 1995b) . The equations which constitute the transmission model, then, are:
where X is the number of susceptibles, L is the number of latently-infected individuals, T i is the number of individuals with infectious pulmonary tuberculosis, T n is the number of individuals with disease who are not infectious, and R is the number of recovered individuals; the parameters are listed in Table 1 . The total population was calculated as N(t)=X(t)+L(t)+T i (t)+T n (t)+ R(t). From these values, the incidence and prevalence of infection and disease, as well as the hazard for infection, can be calculated as indicated in the figure captions. When there is no infection initially, then the number of susceptibles equals the total number, i.e., X=N, and the first equation in the model system (1) becomes dNÂdt= 6&+N. This equation has a single equilibrium N =6Â+; for any initial value of N, the value of N approaches this equilibrium. Thus, in the absence of disease, the total population will stabilize at the value N from any starting value and all individuals will be susceptible.
The system (1) admits a nonzero endemic equilibrium when R 0 >1. Letting a=+++ T +c, h=2|++, g=v++, and e=( ;6)Â+=ECR, the equilibrium values of the state variables are (Blower et al., 1995a) :
where the basic reproductive rate R 0 is given by
as given in (Blower et al., 1995a) . (Note that ah&2|c >0.) The equilibrium values are discussed in the text, and the stability of the equilibria is discussed in Appendix 2.
APPENDIX 2. STABILITY ANALYSES
Local Stability of the No-Disease Equilibrium
We next analyze the properties of the system (1) linearized around the no-disease equilibrium. Here, it is shown that when the basic reproductive rate of the tuberculosis model is greater than one, the disease will become established, and when R 0 <1, the disease will not become established if a small number of infectives is introduced into a population.
The Jacobian matrix of the system of differential equations, evaluated at the no-disease equilibrium, is
The system is stable (and the disease cannot become established if introduced) when and only when all eigenvalues of this matrix have negative real parts. The matrix can be partitioned into an upper block triangular form as shown, so that the eigenvalues of J are the union of the eigenvalues of the matrices on the block diagonal. The first of these matrices is just the one-by-one matrix [&+] , whose eigenvalue is &+<0. Thus, we only need to consider the 4_4 matrix A in the lower right.
The following result (Berman and Plemmons, 1994; Post et al., 1983) will be useful: Theorem 1. Let C be a nonsingular matrix with nonpositive off-diagonal elements. Then the following statements are equivalent:
(1) All eigenvalues of C have positive real parts.
(2) All principal minors of C are positive.
(3) C is a nonsingular M-matrix.
(A principal minor is a determinant formed by choosing any subset of the diagonal elements of the original matrix and then deleting the row and column containing the subset.) Since all the off-diagonal terms of A are nonnegative, all eigenvalues of A must have negative real parts if and only if M=&A is an M-matrix. Thus, if all the principal minors of M are positive, the disease will not be able to become established if introduced. If some principal minor of M is negative, then the disease will be able to become established.
Expanding det M<0 and rearranging leads R 0 >1, which is thus shown to be a sufficient condition for disease to be able to become established after introduction, as stated in (Blower et al., 1995a) . Conversely, it is straightforward to show that if R 0 <1, all of the principal minors of M are positive, and thus no eigenvalue has positive real part and the disease cannot become established.
The initial doubling time was computed for each simulation by first computing the elements of the Jacobian (3) evaluated at the no-disease equilibrium (2) and numerically calculating the Perron Frobenius eigenvalue & 0 of this Jacobian (Press et al., 1992) . Then the doubling time is given by t d =ln 2Â& 0 . Since & 0 >0 when and only when R 0 >1, a positive doubling time occurs when the basic reproductive rate exceeds one.
Global Asymptotic Stability of No-Disease Equilibrium
In this section, we show (using arguments based on those of Castillo-Chavez and Feng (to appear)) that for the basic model without reinfection, when R 0 <1, i.e., when the parameter values are such that the disease cannot become established in an uninfected population, tuberculosis levels will decline to zero from any starting value. If tuberculosis has been previously established in a population, the disease levels will decline to zero if changes in the system result in a basic reproductive rate less than one. The analysis of the system in the presence of reinfection is discussed elsewhere (Blower, Porco, and Lietman, 1998) .
Let u=(X, L, T i , T n , R) T ; then for any initial conditions u(0) 0, the system of equations (1) implies that the values of the state variables remain non-negative at all times, i.e. that u(t) 0 for all t 0, i.e., the nonnegative orthant is positively invariant (as can be seen by examining the direction of the flow along the boundaries of the non-negative orthant). (The notation u v (u v) means that u j v j (u j v j ) for each component j.) The equations (1) also give the following equation for the total population:
Thus, once N(t) is less than 6Â+, it remains so for all future times, and when N(t) is greater than 6Â+, N(t) declines until eventually N(t) 6Â+ for all sufficiently large t. Thus, since X N, lim sup t Ä X(t) lim sup t Ä N(t) 6 + .
Next, the following fluctuation lemma (Hirsch et al., 1985) is useful (Thieme, 1993; Castillo-Chavez and Feng, to 
appear):
Theorem 2. Let f : [t 0 , ) Ä R be bounded and continuously differentiable. Then there is a sequence s n , s n Ä , such that f (s n ) Ä f and f $(s n ) Ä 0, and a sequence t n , t n Ä , such that f (t n ) Ä f and f $(t n ) Ä 0, where f #lim inf t Ä and f #lim sup t Ä f (t).
Applying this lemma to Eq. (1b) yields dL dt (t)+(v++) L(t)=(1& p) ;X(t) T i (t), and we can choose t n such that L(t n ) Ä L and (dÂdt) L(t n ) Ä 0. Then it can be shown that (v++) L (1& p) ;XT i , since lim sup t n Ä w(t n ) lim sup t n Ä w(t) for w=X, T i . Finally, substituting X 6Â+ into this equation results in By non-negativity, u must also satisfy u 0. Finally, the following result (Berman and Plemmons, 1994) will be used to show that the only solution for u is zero:
Theorem 3. A matrix C is a nonsingular M-matrix if and only if C is nonsingular and the two equations C T x 0 and x 0 are simultaneously satisfied only for the trivial solution x=0.
The matrix C=(I&B)
T is equal to diag(lÂg, 1Âa, 1Âa, 1Âh) M, where M is the negative of the 4_4 matrix in the lower right of J. Thus, the principal minors of I&B are positive (and I&B is an M-matrix) whenever M is an M-matrix, i.e., whenever R 0 <1. Thus, whenever R 0 <1, L =T i =T n =R =0. Since L 0, T i 0, T n 0, and R 0, it follows that L Ä 0, T i Ä 0, T n Ä 0, and R Ä 0 as t Ä .
Stability of Endemic Equilibrium
The endemic equilibrium given in Appendix 1 exists when R 0 >1; it is stable provided that no eigenvalue of the Jacobian evaluated at this endemic equilibrium has positive real part. In this case, the block diagonalization method used for the analysis of the no-disease equilibrium does not succeed, and it is sufficient to verify the Routh Hurwitz conditions (Gantmacher, 1959) from the characteristic polynomial of the Jacobian. The calculations were performed with the aid of the computer algebra package Mathematica (Wolfram, 1988) , and are too cumbersome to reproduce here. The satisfaction of the Routh Hurwitz conditions shows that the endemic equilibrium is locally asymptotically stable, provided it exists.
Numerical analysis suggests that when R 0 >1, the system approaches this endemic equilibrium from any initial condition for which not all of L, T i , T n , and R are zero. Denoting the incidence rate as I, the equilibration time is defined to be min t 0 [t 0 : \t>t 0 , |I(t)&I | <1] (when one infective is introduced into an otherwise susceptible population), and was found by interpolating between calculated values of the incidence rate.
